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Abstract
The Joule-Thomson expansion process is studied for Bardeen-AdS black holes in the
extended phase space. Firstly, we get Joule-Thomson coefficient and find that the divergent
point of Joule-Thomson coefficient coincides with the zero point of temperature. The
inversion curves are also obtained from the zero point of Joule-Thomson coefficient. Then
the minimum inversion temperature and the corresponding mass are obtained. In addition,
the ratio between minimum inversion and critical temperature for Bardeen-AdS black holes
is also calculated. We obtain the isenthalpic curve in T -P graph and demonstrate the
cooling-heating region by the inversion curve. An interesting phenomenon we get is that
black hole whose mass to charge ratio is below the critical value is always in heating process.
The same phenomenon can be also obtained from the charged AdS black holes.
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I. INTRODUCTION
Since Bekenstein and Hawking firstly studied the properties of black hole
thermodynamics[1–3], thermodynamics of black holes has attracted lots of atten-
tion. Anti-de-Sitter (AdS) black hole thermodynamics has been first studied by
Hawking and Page and Hawking-Page phase transition was found[4]. What’s more,
properties of the charged AdS black hole thermodynamics were studied in [5, 6]
where a van der Waals like phase transition was found in the charged AdS black
holes.
In the extended phase space, where the cosmological constant Λ is regarded
as a thermodynamic variable related to the positive pressure P in AdS space, the
analogy between black holes and van der Waals liquid-gas system[7] was studied and
the critical exponents[8] have also been found. This analogy has been generalized to
different AdS black holes, such as Kerr-black holes, Gauss-Bonnet black holes, the
higher dimensional black holes and the Lovelock gravity, etc.[9–15]. It was shown
in [7] that considering the cosmological constant Λ as pressure P , the black hole
mass M was the enthalpy H rather than the internal energy U . Furthermore, the
reentrant phase transition[9, 16] and the triple point[11, 17] for AdS black holes
have also been studied in the extended phase space, proposing that AdS black holes
behaved similarly to the ordinary thermodynamic systems.
Recently, O¨kcu¨ and Aydıner studied the Joule-Thomson expansion process in the
charged AdS black holes with the analogy between charged AdS black holes and van
der Waals system[18]. For Joule-Thomson expansion in classical thermodynamics,
gas at a high pressure passes through a porous plug to a section with a low pres-
sure and during the process the enthalpy is unchanged. An interesting phenomenon
during the Joule-Thomson expansion process is that the T -P graph is divided into
two parts, the cooling region and the heating region, by the inversion curve. The
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isenthalpy and inversion curves were first studied in charged AdS black holes and
Kerr-AdS black holes[19]. Then the works were generalized to AdS black holes with
a global monopole[20], higher dimensional AdS black holes[21], AdS black holes in
Lovelock gravity [22] and charged Gauss-Bonnet black holes in AdS space[23], etc.
All the articles above show that the inversion curves Ti-Pi only have positive slope,
which was different from the inversion curves in van der Waals system including both
positive and negative slopes. However, black holes in previous discussion of Joule-
Thomson expansion all exist singularity. In addition, Bardeen-AdS black holes have
no singularity inside the horizon, called regular black holes. So, we would like to
to see whether the singularity have the affect on the Joule-Thomson expansion for
studying Bardeen-AdS black holes.
This paper is organized as follows. In Sec.II, we briefly review Bardeen-AdS
black holes. In Sec.III, we investigate Joule-Thomson expansion for Bardeen-AdS
black holes. The isenthalpic and inversion curves have been obtained. Conclusions
and discussion are given in Sec.IV.
II. A BRIEF REVIEW OF BARDEEN-ADS BLACK HOLES
Bardeen black hole is known as a black hole without singularity[24] and the
corresponding action with Λ term can be given by
S =
1
16pi
∫
d4x
√−g
[
R +
6
l2
− 4L(F )
]
, (1)
where R is scalar curvature, g is the determinant of the metric tensor, l is AdS radius
connected with Λ through the relation Λ = − 3
l2
. L(F ) is a function of F = 1
4
FαβF
αβ
with Fµν = 2∇[µAν] given by[25]
L(F ) = 3
2sq2
( √
2q2F
1 +
√
2q2F
) 5
2
. (2)
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The parameter s in above equation is given by |q|
2M
where q and M correspond to the
magnetic charge and the mass of the black hole. The field equations derived from
the action in Eq. (1) are given by
Gαβ + Λgαβ = 2
(
∂L(F )
∂F
FαλF
λ
β − gαβL(F )
)
, (3)
∇α
(
∂L(F )
∂F
F βα
)
= 0, (4)
∇α(∗F βα) = 0. (5)
Then the line element of Bardeen-AdS black holes can be considered as
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2(dθ2 + sin2θdφ2), (6)
where f(r) = 1−2m(r)
r
. Following the ansatz for Maxwell equation Fµν = 2δ
θ
[µδ
φ
ν]Z(r, θ) [26]
and with the help of Eq. (4), we can get
Fµν = 2δ
θ
[µδ
φ
ν]g(r)sinθ. (7)
Using the condition dF = g′(r)sinθ dr∧dθ∧dφ = 0, we conclude that g(r) = const. =
g. Hence, the field strength is Fθφ = −Fφθ = qsinθ with F = g
2
2r4
. Substituting the
expression in Eq. (2), we get
L(F ) = 3Mg
2
(g2 + r2)
5
2
. (8)
Moreover, the field equation (3) can yield a solution for m(r) with
m(r) =
Mr3
(g2 + r2)
3
2
− r
3
2l2
. (9)
So the metric of Bardeen-AdS black hole is
f(r) = 1− 2Mr
2
(g2 + r2)
3
2
+
r2
l2
. (10)
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When f(r+) = 0, we get
M = (1 +
r2+
l2
)
(r2+ + q
2)
3
2
2r2+
, (11)
which satisfies the first law of black hole thermodynamics,
dM = TdS + V dP + Φdq. (12)
Here the pressure P in AdS black holes corresponds to the Λ with
P = − Λ
8pi
=
3
8pil2
, (13)
and the conjugate quantity V of the pressure P can be given by
V = (
∂M
∂P
)S,q =
4pir3+
3
(1 +
q2
r2+
)
3
2 . (14)
The Hawking temperature T can be obtained from the first derivative of f(r) at the
horizon[27],
T =
κ
2pi
=
f ′(r+)
4pi
=
3r+
4pi(r2+ + q
2)
+
3r3+
4pi(r2+ + q
2)l2
− 1
2pir+
. (15)
Then, the equation of state P = P (V, T ) for Bardeen-AdS black holes can be obtained
from Eqs. (13) and (15),
P =
4pir+(q
2 + r2+)T + 2q
2 − r2+
8pir4+
. (16)
According to [8], the critical temperature can be calculated by
∂P
∂v
= 0,
∂2P
∂v2
= 0, (17)
where v is
2r3+
q2+r2
+
and we can get
Tc =
7 +
√
273√
2(15 +
√
273)(21 +
√
273)piq
. (18)
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III. JOULE-THOMSON EXPANSION
In this section, we will investigate Joule-Thomson expansion for Bardeen-AdS
black holes. The main feature of this process is that enthalpy remains constant.
In addition, the enthalpy H can be identified as the mass M of the AdS black
holes[7]. So, we can keep the black hole mass constant. Similar to the Joule-Thomson
process with fixed particle number for van der Waals gases, we consider the canonical
ensenmble with fixed magnetic charge q. Therefore, Joule-Thomson coefficient µ,
which characterizes the expansion, is given by [23]
µ = (
∂T
∂P
)
M,q
= (
∂T
∂r+
)M,q(
∂r+
∂P
)M,q. (19)
From Eqs. (11) and (15), the pressure and temperature written as a function of M
and r+ are given
P (M, r+) =
−3(q2 + r2+)
3
2 + 6Mr2+
8pir2(q2 + r2+)
3
2
, (20)
T (M, r+) =
−(q2 + r2+)
5
2 + 3Mr4+
2pir(q2 + r2+)
5
2
. (21)
So, one can obtain the Joule-Thomson coefficient
µ =
2r+(9Mq
2r4+ − 6Mr6+ + (q2 + r2+)
7
2 )
3(q2 + r2+)
7
2 (1− 3Mr4+
(q2+r2
+
) 5
2
)
=
4q4r+ + q
2(26r3+ + 48piPr
5
+)− 8(r5+ + 4piPr7+)
3(q2 + r2+)(2q
2 − r2+ − 8piPr4+)
.
(22)
Compare Eqs. (15) and (22), we can get that the divergent point of Joule-Thomson
coefficient coincides with the zero point of temperature. The divergent point maybe
reveals the information of Hawking temperature and corresponds to the extremal
black hole.
The zero point of Joule-Thomson coefficient is the point that distinguishes the cooling
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process and the heating process. From Eq. (22), one can obtain that the inversion
pressure Pi and the corresponding r+ have the relation,
2q4 + q2(13r2+ + 24piPir
4
+)− 4(r4+ + 4piPir6+) = 0. (23)
The only positive and real solution of the above function is so long that we will not
list them here. But we depict the relation between the inversion temperature Ti and
the inversion pressure Pi in Fig. 1 with the help of Eqs. (15) and (23). The inversion
curves are not closed and there is only one inversion curve in comparison with van der
Waals fluids. For low pressure, the inversion temperature decreases with magnetic
charge q, whereas it increases with q for high pressure.
Then we would like to probe the ratio between the minimum inversion temperature
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Figure 1. Inversion curves of Bardeen-AdS black holes in T − P plane.
Tmini and the critical temperature Tc first. Note that the minimum temperature can
be obtained by demanding Pi = 0. The Eq.(23) will be
2q4 + 13q2r2+ − 4r4+ = 0. (24)
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The only physically meaningful root is given by
r+ =
√
13 +
√
201q
2
√
2
. (25)
One can substitute the root into Eq. (15) and obtain the minimum inversion tem-
perature,
Tmini =
−3 +√201√
2(13 +
√
201)(21 +
√
201)piq
. (26)
The ratio between minimum inversion and critical temperature is given by
Tmini
Tc
≈ 0.545874. (27)
This ratio is not equal to the value in other black holes[18–22]. This different ratio
may be due to the non-linear electrodynamics field and the correctional volume of
Bardeen-AdS black holes. Moreover, we can substitute Eq. (25) into Eq. (11) and
obtain the mass corresponding to the minimum inversion temperature,
Mmin =
(21 +
√
201)3/2
4
√
2(13 +
√
201)
q ≈ 1.3571q. (28)
This corresponding mass will help us to determine the black hole whether have the
inversion point in Joule-Thomson expansion. The isenthalpic and inversion curves
for various values of magnetic charge q has been drawn in Fig. 2. As can been seen
from Fig. 2, the inversion curves divide the plane into two regions. The branch below
the inversion curves corresponds to the heating process with negative slope. And the
branch above the inversion curves corresponds to the cooling process with positive
slope. It is interesting to see in Fig. 2 that one isenthalpic curve does not have the
inversion point. Moreover, for q = 10 in Eq. (28), we have the mass Mmin ≈ 13.571
which is greater than M = 13.5. This also shows that the black hole with q = 10
and M = 13.5 does not have the inversion point. In other word, the black hole with
q = 10 and M = 13.5 is always in heating process.
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Figure 2. Inversion and isenthalpic curves of Bardeen-AdS black holes. The red lines
present inversion curves and the blue ones are isenthalpic curves. From bottom to top, isen-
thalpic curves correspond to increasing values of M . (a) q=1 andM=2, 2.5, 3, 3.5. (b) q=2
and M=3, 3.5, 4, 4.5. (c) q=5 and M=7, 7.5, 8, 8.5. (d) q=10 and M=13.5, 14, 14.5, 15.
The same phenomenon can alao be obtained from the charged AdS black holes
with large Q which is not given in [18]. The figure we have plotted in Fig. 3. Similar
steps can be used in charged AdS black holes[18], we get
M
Q
min =
5
√
6
12
Q ≈ 1.0206Q. (29)
Similarly, for Q = 35 in Eq. (29), we have the mass MQmin ≈ 35.722 > 35.5.
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Figure 3. Inversion curves of charged AdS black holes in T − P plane. Q=35 and
M=35.5, 36, 36.5, 37
IV. CONCLUSIONS AND DISCUSSION
In this article, we studied Joule-Thomson expansion for Bardeen-AdS black holes
in the extended phase space. We considered the expansion process with constant
mass as the mass of AdS black holes was identified as enthalpy. Firstly, we got Joule-
Thomson coefficient and found that the divergent point of Joule-Thomson coefficient
coincided with the zero point of temperature. That is to say, the divergent point of
Joule-Thomson coefficient reveals the information of Hawking temperature.
Then we plotted inversion curves with different magnetic charge q and found
there was only one inversion curve which was different from van der Waals fluids
having two inversion curves. Moreover, we obtained the minimum inversion temper-
ature Ti and the corresponding mass. The ratio between minimum inversion and
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critical temperatures was calculated for Bardeen-AdS black holes. The ratio is not
equal to the value which have been obtained in other articles and this different may
be due to the non-linear electrodynamics field and the correction volume of Bardeen-
AdS black holes.
We also plotted the isenthalpic and inversion curves in the T − P plane. The
inversion curve divides the T −P plane into two regions. The region above the inver-
sion curve is the cooling region with positive slope for isenthalpic curves. The region
under the inversion curve is the heating region with negative slope for isenthalpic
curves. An interesting phenomenon is that there is an isenthalpic curve does not
have the critical point which means that the black hole is always in heating process.
That is to say, as the pressure goes down, the temperature of horizon in this black
hole can keep rising during the Joule-Thomson expansion. The mass of this black
hole is also less than the mass corresponding the minimum inversion temperature.
In addition, we also get the same phenomenon of charged AdS black holes with large
charge Q. This phenomenon may be also obtained from other black holes.
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